Abstract. The response of a one-degree-of-freedom distributed-order vibration system to a harmonic driving was considered. For the steady case, the lower limit of integration in the definition of fractional derivatives was taken as negative infinity. The response amplitude, phase difference between driving and response, and the effects of distributed-order derivative on damping and resonance were investigated in detail. The results display that the parameter in distributed-order derivative can effectively characterize the viscoelasticity.
Introduction
The fractional calculus was applied to different fields of science and engineering including viscoelasticity theory, anomalous diffusion, control theory, etc [1] [2] [3] [4] . Viscoelaticity is one of the earlier application fields of fractional calculus. The field acquires great developments partly due to the wide use of viscoelatic material including polymers. Fractional constitutive equations describing the relation of stress and strain for viscoelastic material were presented and reasonable results were obtained [1] [2] [3] [4] [5] [6] [7] [8] .
Scott-Blair [9] proposed a fractional constitutive equation to describe viscoelastic body which is between the Hooke elastic solid and the Newton viscous fluid for mechanical properties. In monograph [2] , such fractional constitutive relation was denoted as the Scott-Blair model. The terminology spring-pot was introduced for such fractional calculus element [5] .
Next, we recall the basic definitions on fractional calculus. Suppose the function
where the Gamma function is defined as
The Riemann-Liouville fractional derivative of
while the Caputo fractional derivative of
Some results on the existence of solutions for fractional differential equations were presented in [1, 10, 11] .
For the research of the steady response of a fractional vibration system, we take the lower limit in the definition of fractional derivatives as the negative infinity   . So we have no need for distinguishing the two fractional derivatives and denote them as
Fractional vibration models have suggested and considered by many scholars such as in [12] [13] [14] , where the fractional oscillator was modelled and analyzed utilizing the Laplace transform, Fourier transformation, complex analysis and Mittag-Leffler function. In [15] , steady-state response in fractional vibration was discussed. In [16] , the dynamical behavior of Duffing-type nonlinear fractional oscillator was considered. The stability, chaos synchronization and bifurcation for the fractional vibration were studied in [17] [18] [19] .
Recently, the distributed-order derivatives were proposed to modelling diffusion and constitutive relation [20] [21] [22] [23] [24] .
In this article, we consider the vibration system with the damping described by the distributed-order derivative. In the steady case, the response amplitude, phase difference between driving and response, and the effects of distributed-order derivative on damping and resonance are investigated.
System Response Variation with Driving Frequency
We look into the vibration system with distributed-order derivative subject to a harmonic driving
where
 and  are positive constants and the integration represents a damping force depending on whole deformation process.
The order-weight distribution is chosen as an exponential function with respect to the integral variable  such that the derivation becomes convenient. In addition, we expect the magnitude of  can reflect the viscoelastic property.
For solving for the response, we suppose a harmonic answer with the identical frequency  as , = ) (
where X denotes complex amplitude, which is independent of t and going to be determined. The fractional derivative is calculated as
and its second-order derivative, and the expression in Eq. 7 into Eq. 5, and eliminating the nonzero common factor
Calculating the integral with respect to  and conducting algebraic operation we obtain
Rewriting the complex number in exponential form and then solving for X , we export the complex amplitude as , ) (
where 
The response to the complex harmonic driving is obtained upon inserting Eq. 9 into Eq. 6,
From Eq. 12, we obtain the amplitude magnification as a function of the driving frequency . ) (
We take
and show the amplitude-frequency curves of ) (  versus  in Fig. 1 . In  Fig. 2 , the phase-frequency curves of ) (  versus  are displayed for the same values of the parameters as in Fig. 1 . From Figs. 1 and 2 , we find that increasing of  results in a decreasing of resonance peak values and a slowing-down of the change from in-phase to out-of-phase with increasing of driving frequency. These phenomena confirm that increasing of  means enhancement of damping. 
The resonance frequency *  is determined by the equation
and show the curve of the resonance frequency *  versus  by the solid line in Fig. 3 . There is a critical point of the parameter  :
3.7153  
. If   > , the amplitude-frequency curve is monotonically decreasing and no resonance occurs since the large enough damping. A point on the dash line corresponds to the minimum on the amplitude-frequency curve.
Summary
A one-degree-of-freedom vibration system with distributed-order derivative was considered and the steady response to a harmonic driving was derived. The fractional operator    t D is appropriate for the research of the steady vibration. The response amplitude, phase difference between driving and response, and the effects of distributed-order derivative on damping and resonance were investigated in detail. The parameter  in the distributed-order derivative characterizes the viscoelasticity effectively.
